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Introduction

The mean flow profile of a turbulent flow in a smooth channel or a
pipe is a classical topic in fluid mechanics [1-4]. For fully developed
turbulent pipe flows, von Karman and Prandtl’s pioneering analyses
indicate two dominant regions: the near-wall laminar sublayer and
the turbulent region away from the wall. The two regions are
connected by a small intermediate buffer zone. In both regions, u™,
the mean velocity scaled with the friction speed u., is a function of
y*, the distance from the wall scaled with the ratio of kinematic
viscosity to friction speed v/u,. This relationship u™ = f(y™) is
known as the classical “law-of-the-wall.”

The Reynolds-averaged Navier—Stokes equation describes the
mean axial speed of a fully developed turbulent flow and involves the
viscous stresses and the turbulent Reynolds stresses. This equation is
unclosed because there is no physical rule relating between the
turbulent stresses and the mean axial speed. Yet, experiments show
that the magnitudes of the stresses differ vastly for each region. Very
near the wall, in the viscous sublayer where y* < 5, the Reynolds
stress is negligible and u* grows linearly with y*. Conversely, in the
limit of an infinite Reynolds number, the turbulent inertial region
where y* > 70 is characterized by a negligible viscous stress and a
dominant Reynolds stress. Modeling the Reynolds stress in this
region by the linear mixing-length approach of Prandtl [3] results in
the “logarithmic velocity distribution law.” The logarithmic
relationship was also derived from a dimensional analysis requiring
the continuity of the velocity gradient in the buffer zone when the
Reynolds number is sufficiently high and using u, as the speed scale
in both the near-wall and turbulent region [4]. In the buffer zone, the
Reynolds and viscous stresses are of the same magnitude. Von
Kérmdn suggested that in the buffer zone u™ is also related to the
logarithm of y*. In both the buffer and turbulent zones, the
logarithmic functions include two constants that may be determined
experimentally. This semi-empirical approach showed a nice
agreement with measurements [2]. It also resulted in “Prandtl’s
universal law of friction for smooth pipes” which relates between the
friction factor and the Reynolds number and agrees with data. Note
that van Driest [5] proposed a damping function for the turbulent
stress in the viscous sublayer and the buffer zone which resulted in a
good prediction of the mean velocity in these regions.

In recent years, new approaches raised controversy about the
scales of both distance and speed in the outer or core region for pipe
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flows. The pipe radius has been proposed as an additional dominant
length scale. Arguments have been made for the velocity scale to be
either the maximum (centerline) speed [6] or the velocity deficit [7].
The functional form of the scaling law in the overlap region is a
subject of even greater controversy. It has been suggested that a
power law rather than a log law governs the relationship between
velocity and distance from the wall [6-8]. Note, however, that
Wosnik et al. [6], Zagarola and Smits [7], and Barenblatt [§] power
laws are derived from different approaches. For a thorough review of
the scales in turbulent pipe flows, see Pope [9].

Wosnik et al. [6] proposed a more detailed description of the pipe
flow structure, see also Pope, [9] chapter 7. They divided the flow
into the main “viscous sublayer,” “overlap,” and “outer” regions.
The near-wall region, where 0 < y™ < 30, is composed of the linear
viscous sublayer and the buffer zone. The overlap region, where
30 < y* < 0.1K and K is the Kdrman number, is built of a mesolayer
and the inertial sublayer. The viscous sublayer and overlap region
constitute the inner region. The outer region extends from 0.1K to the
pipe centerline. The similarity structures of the flow in the inner and
outer regions at a finite Reynolds number were analyzed based on the
Reynolds-averaged boundary-layer equation. It was found through
the matching of the inner and outer velocity profiles and their
derivatives that the flow in the overlap region (specifically in the
mesolayer) may be described by a power law. A composite velocity
profile for the entire range of the boundary layer was proposed.
George and Castillo [10] and Wosnik et al. [6] also emphasized the
universality of the velocity deficit profile in terms of the global
distance y/§ or y/R in the outer region and its dependence on the
Reynolds number in the inner region. They demonstrated the
universality of the velocity profile ut = f(y™) in the inner region
and its dependence on the Reynolds number in the outer region.

Zagarola and Smits [7] conducted careful experiments of turbulent
flows in a pipe in Princeton’s superpipe experimental apparatus.
Using compressed (pressurized) air at ambient temperature, they
were able to obtain extensive data for flows at Reynolds numbers
(based on the average speed and pipe diameter) much higher than in
any previous experiment (from 31,000 up to 36 x 10°). They divided
the flow into several regions. In the near-wall, where 0 < y* < 60,
the flow is composed of the linear viscous sublayer and the buffer
zone. Their detailed data followed by an asymptotic matching
analysis suggested that two overlap regions appear in sufficiently
high Reynolds number flows: a power-law region in the range
60 < y* < 500 and a logarithm law in the range 600 < y* < 0.07K
(here K is the Kdrman number based on the friction speed and pipe
radius). From their experimental data, they also demonstrated that the
velocity deficit is the dominant outer (core region) velocity scale,
which exhibits universality (independence of Reynolds number),
whereas the friction speed is the dominant velocity scale near the
wall. They also gave a modified friction factor relationship for a wide
range of high Reynolds numbers.

Recently, McKeon et al. [11] performed additional experiments
with Princeton’s superpipe apparatus in the range of Re from 74,000
up to 36 x 10°. They used smaller probe sizes for the measurement of
the velocity and corrected the static pressure and mean velocity
profiles. They confirmed the presence of the power-law region for
Re >200,000. They also found that the logarithmic law region
holds for a larger range, 600 < y* < 0.12K.

Another set of recent pipe flow experiments over a wide range of
Reynolds numbers (10 < Re < 1,000,000) was conducted by
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Swanson et al. [12] using the University of Oregon facility. A variety
of gases, mostly at room temperature, was used to achieve both the
laminar and the turbulent flow conditions and to experimentally
determine the friction factor as function of Reynolds number for a
fully developed pipe flow. These data were recently put together with
the results from Princeton’s superpipe experiments [7] and present
the change of the friction factor in a fully developed pipe flows for the
range of Re from 10 to 36 million (McKeon et al. [13]).

Wei et al. [14] have recently used detailed experimental data and
direct numerical simulations of fully developed turbulent flows in
free boundary layers, channels and pipes to propose a dynamically
relevant four-layer description of the mean velocity profile. Each of
the layers has been characterized by a predominance of two of the
three terms in the Reynolds-averaged equation and its extent depends
on the Reynolds number. They also claimed that the viscous effects
may be important even at distances outside the buffer layer. A
multiscale analysis was conducted to substantiate the four-layer
structure. It verified the existence of an intermediate (meso) layer
between the inner and outer layers where viscous and Reynolds stress
gradients are in balance.

In this note, we use the Reynolds time-average equation for the
mean axial speed, an extended form of Prandtl’s mixing-length
model for the turbulent stress, and a small subset of the available
experimental data from McKeon et al. [11] to first estimate the
mixing length as function of the distance from the walls scaled with
the pipe radius, y. It is found that the nondimensional mixing-length
curves are similar for all Reynolds numbers and may be represented
by an average polynomial line, /,,.(y). This model line is also
corrected by the van Driest [5] damping function. Then, to
demonstrate the applicability of this new model curve, itis used in the
Reynolds-averaged model equation to integrate the mean velocity
profiles u™ as function of y from the wall to the pipe centerline at
various Kdrman numbers, K, and to compute the wall friction
coefficient.

Extended Mixing-Length Concept

We consider a steady, incompressible, axially symmetric fully
developed turbulent flow in a pipe of radius R with smooth walls. The
pipe main axis is x and the vertical distanceis0 < r < Rwherer =0
is the centerline and r = R is the wall. The transverse mean speeds
v=w =0 and the mean axial speed u(r) is described by the
Reynolds-averaged equation [9]:

d d d
ol (e o) |- 1)

Here, p is the fluid viscosity (assumed constant), dp/dx is the
constant axial gradient of the mean pressure, and (o,,),is the
Reynolds stress. The symmetry conditions at the centerline require
that (du/dr)(0) = 0 and (o,,),(0) = 0. The no-slip condition at the
pipe wall requires that u(R) = 0. It is also expected that there is no
turbulent stress at the wall, (o,,),(R) = 0.

Integrating (1) gives w(du/dr) + (0,,), = (r/2)(dp/dx). Defi-
ning the friction velocity u, from the wall stresses by
w(du/dr)(R) = (R/2)(dp/dx) = —pu? (here pis the fluid constant
density) gives

du r
:ua + (Urx)t = _pu%E (2)

Following Prandtl [3], we assume that the Reynolds stresses may be
modeled by

du
dr

du

dr ®)

(Or.x)l = _plz

Here [ is the mixing length. The negative sign in (3) is assumed
because the expected speed gradients are negative in the entire range.
Equations (2) and (3) can be used to compute the nondimensional
mixing length (here v = p/p is the kinematic viscosity):

~ [ du o T du

Using the data of McKeon et al. [11] for the measured velocity
profiles at several (here, seven) Reynolds numbers (Re = 2RU,,. /v,
where U,,. is the average axial speed) evenly distributed in the range
between 74,300 and 35.7 million, and approximating the derivative
du/dr by asecond-order, nonuniform step, finite-difference formula,
we computed for each Reynolds number the nondimensional mixing
length as function of the nondimensional distance from the wall
¥y =1—r/R. The computed results are shown in Fig. 1. The wavy
nature of the computed points may be attributed to the error in
computing the velocity derivative from the discretization of the
experimental data. It can be seen that the nondimensional mixing-
length curves are similar for all Reynolds numbers in the entire
domain. The curves may be represented to the leading order by an
average polynomial curve fit (independent of Reynolds number), in
terms of the nondimensional distance from the wall:

Lo (5) = 0.4305 — 0.6375* + 0.5775° — 0.7805*
+0.6605° + ... (5)

forthe range 0 < y < 0.9. This curve is also shown in Fig. 1. It can be
seen that near the wall the nondimensional average mixing length has
a slope of about 0.43. This slope is close to the values of 0.42 found
by McKeon et al. [11]. It should be noted that the largest global
standard deviation of the individual curves from the average curve is
0.6% and the largest local absolute deviation is about 15% (for the
lines at Re = 74,300 and Re = 35.7 million at y ~ 0.65).

It should be noted that the choice of seven Reynolds number cases
is arbitrary. We find a very similar nondimensional mixing-length
curve derived from any other set of the data, specifically when more
cases are used. Moreover, we also computed the specific mixing-
length curves for the cases where Re = 74,300 (lowest Reynolds
number) and Re = 35.7 million (highest Reynolds number). It is
found that the main difference between these lines and the line given
by (5a) is around y ~ 0.65 where the local deviation is the largest,
about 10%, and associated with the local scattering of the lines
derived from the experimental data. Taking the average of these two
lines gives a curve which is almost identical to the curve described by
(5a). This demonstrates that the average nondimensional mixing-
length curve can be deducted from only two cases of the data.

It should also be noted at this point that the experimental
measurements are limited to certain distances from the wall and
therefore do not allow an approximation of the nondimensional
mixing length very near the wall, inside the viscous sublayer. The
data from the experiments of Nikuradse [2], Zagarola and Smits [7],

02

0.18

0.16 /

TSNt =

® >

¢ Re=7.43E4

® Re=3.10E5
Re=1.03E6
Re=3.11E6

X Re=1.37E7

® Re=1.83E7

+ Re=357E7

- average

|—Poly. (average)

+avm@ | x

0 0.1 02 03 04 05 06 07 08 09 1
]

Fig. 1 Nondimensional mixing length as computed from data [11] and
average curve (line).
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and McKeon et al. [11] suggest that in the viscous sublayer the
turbulent stresses are very small. Near the wall, we assume van Driest
[5] damping function to correct the mixing-length formula.

I = Iy (5){1 — exp(=y* /A")} (5b)

Here y* = u,(R — r)/v is the classical nondimensional coordinate
[3] in terms of distance from the wall and we find that A* = 28
provides the best fit with the experimental data of McKeon etal. [11].
When y* > 3A*, the correction function is nearly 1 and there

= 1y ().

Analysis of Mean Velocity Profiles

To demonstrate the applicability of the proposed mixing-length
curve according to (3a) and (3b), it is used now in Eqgs. (2—4) instead
of I. Let u™ = u/u, be the nondimensional mean velocity. We find
the following model equation

<o f(dut\? 1 (du+) o

(%) + 5 () -a-n=0 ©
with the wall condition u™ (0; K) = 0. Here K is the Kirmdn number
defined as K = Ru,/v = /[(—dp/dx)R?]/2pv*for the pipe flow.
Note that K is the only parameter in the problem (6) and it is
determined by the pressure gradient, pipe radius, and flow properties.
No additional empirical input is used to calculate the mean velocity.
Also note that [ =1l,,.(3){1 —exp(—KJ/A")}. Equation (6) is
written in a special way which accounts for the change of u™ in terms
of the global coordinate y and not in terms of the near-wall coordinate
y* as was written by Prandtl [3] (see also Pope [9]). Equation (6)

gives
dut 1 1 /1 =, N
d—y—ﬁ[_ﬁ'f‘ m"‘(l) (1—y)]=g(y,K) (7

with the boundary (initial) condition u*(0; K) = 0.

Equation (7) is integrated numerically from O to 1 for every value
of K using a standard fourth-order Runge—Kutta integration scheme.
Results for various values K of the computed mean velocity profiles
are shown in Figs. 2a-2c. The blue (solid) lines represent the
computed results and the red circles show the experimental data
according to McKeon et al. [11]. All figures demonstrate a very nice
agreement between the calculated mean velocities and the data for all
values of K, including cases that were not used for the calculation of
the universal mixing length. Moreover, we computed the mean
velocities for all 28 cases reported by McKeon et al. [11] and found a
very nice agreement with the experimental data for all cases (these
are not shown in Figs. 2a—2c¢ for clarity of the figures). Specifically,
Fig. 2a describes the distribution of u*in terms of the global
coordinate y. The agreement between the results is remarkable.

Figure 2b describes the distribution of u™* in terms of the near-wall
coordinate y* = Ky. This figure demonstrates from both the
computations and data the universality (independence of K) of the
pipe profile u*as function of y* in the near-wall region. Similarly,
Fig. 2c describes the scaled velocity deficit profiles (U —
u)/(Umax - Uave) = (U;;ax - u+)/(U$ax - U;:/e) as function of the
global coordinate y. Here, the parameter U, = U,,./u,=
2 [l ut(3;K)(1 — y)dy. The figure demonstrates from both the
computations and data the universality (independence of K) of the
pipe profiles (U — 4)/(Upax — Uaye) as function of y in the
regions around the domain centerline for pipe flow case.

The resulting values of Re = UK as function of Kare shown in
Fig. 3. Except for the transition range 1,000 < Re < 4,000 and
25 < K < 80, the computed results exhibit a nice agreement with the
experimental data for the range of Re from 10 to 36 million. When
K <25 (or Re < 1,000) the flow is laminar ( y, > 0.5) and the
classical relationship Re = K?/2 holds whereas when the flow is
turbulent (Re > 4, 000) we find that Re ~ 24K'-078,

Figure 4 describes the friction coefficient f = 8(u,/Uye)* =
8/(Uz.)? as function of the Reynolds number Re = 2KU},,. The
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Fig. 2 Computed (lines) and measured (circles [11]) mean velocity
profiles: a) u™ vslogoy, b) u* vslogyyy*, ¢) (Unax — #)/ (Unmax — Uave)
vs logoy.

figure shows a nice agreement between the calculated values and the
experimental results for the pipe flows from both the Princeton and
Oregon facilities for all cases with Re between 5,000 and 36 million.
Furthermore, we used the present model to compute the velocity
profiles and friction factors for flow with Re < 4, 000. The computed
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Fig. 3 Computed (line) and measured (squares, [12]; triangles, [7];
circles, [11]) Re vs K.
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Fig. 4 Computed (solid line) and measured (squares, [13]; triangles,
[7]; circles, [11]) f vs K; laminar flow result (dashed line).

results for fare also shown in Fig. 4. It can be seen that except for the
transition region (1,000 < Re < 4,000 or 25 < K < 80) the present
predictions using Eq. (7) show a remarkable agreement with the
available comprehensive experimental data for the range of Re
between 10 and 36 million or K between 5 and 500,000. Here we

used the relationship K = ,/f/32Re to compute K for the
experiments of Swanson et al. [12]. This demonstrates the validity of
the present model from low to very high Reynolds number flows.

Discussion

For the pipe flow, it can be seen from the model Eq. (6) that the
mean velocity u*is dominated by two different length scales, i.e.,

N 1
ut ~ut(1;K) +/)~—ydﬁ/+ O(E) or
1

Le(7)
wr(LK)—ut  [f8G)dY o(i)
w (LK) —Ufe — [2x 43 [} 85 dy K

where g(7) = /1 — ¥ /1..(') when 2a/K < 7 < 1, whereas

1 4+ VT 14044507 |
f a2 Aoty + o~
u + L 200.4450) 0T+ 0 %

1
when 12 <y" <« and u*%y*—f—O(E) when
0<yt <12

Here it is assumed that & ~ O(10%). When the Kdrman number is
sufficiently high, these expansions explain the striking universality
(independence of K) of the mean velocity profiles u™ near the wall
and of the velocity deficit profiles (U, — u™) /(U — Ufe) near
the centerline.

Conclusions

The profiles of the mean velocities of fully developed turbulent
flows in a pipe can be computed by the single model Eq. (7). The
model uses the Reynolds-average equation for the mean axial speed,
Prandtl’s mixing-length model for the turbulent stress, and available
experimental data from McKeon et al. [11] to establish that the
nondimensional mixing-length curves may be represented to the
leading order by the model line according to Eqgs. (5a) and (5b). This
curve is used in the model Eq. (7) to integrate the mean velocity
profiles from the wall to the pipe centerline and compute the friction
coefficient and Reynolds numbers at various Kdrmdn numbers, K.
The computed results of the velocity profiles show a remarkable
agreement with the measured data. It is also demonstrated that the
present model accurately predicts the friction factor according to
both Oregon and Princeton’s pipe facilities for a wide range of Re
between 10 and 36 million, except for the transition region between
1,000 and 4,000. Moreover, the present analysis demonstrates the
two main scales that govern the flow, ¥ and y™, and the universality
(independence of K) of the u™ profiles near the wall and of the deficit
velocity (Upax — #)/ (Upax — Uave) profiles as function of y away
from the wall and around the pipe centerline. We also demonstrate
that the Kdrman number is the only parameter that is needed to
predict the mean velocity profile, the friction factor, and Reynolds
number for any fully developed turbulent pipe flow.
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